Using properties of ordered exponentials and the definition of the Drinfeld associator as a monodromy operator for the Knizhnik-Zamolodchikov equations, we prove that the analytic and the combinatorial definitions of the universal Vassiliev invariants of links are equivalent.
Introduction
Vassiliev's knot invariants [1] contain all the invariants, such as the Jones [2], HOMFLY [3] and Kauffman [4] polynomials, which can be obtained from a deformation Uh(fq), usually called quantum group [5] , of the Hopf algebra structure of enveloping algebras U(fq), where (~ is a semisimple Lie algebra.
For a compact semisimple Lie group G with Lie algebra fr observables of the quantized Chern-Simons model give knot invariants [6] associated to Uh(f#) at special values h = 2nik -1, k a positive integer. The coefficients of the expansion in powers of h of these observables are examples of Vassiliev invariants. This is a particular case of a general theorem [7] , which states that for all h the coefficients of the power series expansion of the invariants associated with semisimple Lie algebras are Vassiliev invariants.
By treating the Chern-Simons model with the conventional methods of perturbation theory, the coefficients of the powers of h of the observables can be computed [8] . Feynman diagrams and Feynman rules are the main tools of the computation. Given a knot, or more generally a link L, and the degree n (order in perturbation theory) or power of h in which one is interested, the corresponding Here we have used Bar-Natan's way [9] of describing Feynman rules and diagrams. He found that the diagrams and rules of Chern-Simons theory obey a small number of fundamental properties, and this led him to define general diagrams and rules, the latter which he called weight systems, by these same properties. Kontsevich [10] discovered an integral formula for an invariant Zn(L) E D~, which plays for generic h the same role as zcs(L) does for the special values in The deep questions remain: do the Vassiliev invariants form a complete set of knot invariants? Are there any other Feynman rules (weight systems) than those of the type W~ associated to Lie algebras? The following troubling result is related to the second question: Vassiliev invariants are invariants of oriented knots. However all Vassiliev invariants {W% Z,,(L)} are independent of the orientation. Is there any weight system W which can distinguish the two orientations of a knot? The simplest example of a knot which is not isotopy-equivalent to the same knot with the reversed orientation can be found in [11] . It has 8 crossings.
The knot invariants constructed using the representations of Uh(~) have been generalized to all quasi-triangular Hopf algebras by Reshetikhin and Turaev [12] . Their construction is purely combinatorial, the proof of invariance consists in verifying that the Reidemeister moves do not change the relevant expressions. Recently, similar combinatorial definitions of universal Vassiliev invariants have appeared [13, 14] . The aim of this paper is to show that the combinatorial and the analytic definition of Kontsevich are equivalent. More precisely, since the combinatorial approach leads naturally to invariants of framed knots, we will show that it is equivalent to a variant of the Kontsevich formula, which was written originally for unframed knots. The same notion of Kontsevich integral for framed knots appears in [15] . However here we will define it in a way which does not require the framed knot to be presented as a product of tangles with special properties.
As we were finishing this paper, we learned that the equivalence of the combinatorial and analytic definitions had been shown before in [16] . We believe that our methods make the proof more direct. While the authors of [16] work with the individual terms Zn(L) which are iterated integrals and are led to long computations in order to identify these terms with the corresponding terms of the combinatorial invariants, we essentially treat the whole series Z(L) at once. It turns out that the main contribution to Z(L) is a type of series called ordered exponential in the physics literature. Ordered exponentials satisfy many interesting, but not well-known, identities which makes them very powerful. These identities have been recently used in the context of quantum groups, in order to compute the universal quantum R-matrix from its classical counterpart [17] . A crucial step in the proof of equivalence is to identify an expression for the Drinfeld associator [18, 19] among the Kontsevich integrals. We do it quite naturally using only Drinfeld's definition of the associator as a monodromy operator between solutions of the Knizhnik-Zamolodchikov differential equations. We don't have to first find some expressions for the coefficients of the associator viewed as a power series, as is done in [16] .
